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Addendum to “Travelling waves for a non-local Korteweg-de
Vries-Burgers equation” [J. Differential Equations 257 (2014),
no. 3, 720–758]
F. Achleitner∗, C. M. Cuesta†
Abstract
We add a theorem to [J. Differential Equations 257 (2014), no. 3, 720–758] by F.
Achleitner, C.M. Cuesta and S. Hittmeir. In that paper we studied travelling wave solu-
tions of a Korteweg-de Vries-Burgers type equation with a non-local diffusion term. In
particular, the proof of existence and uniqueness of these waves relies on the assumption
that the exponentially decaying functions are the only bounded solutions of the linearised
equation. In this addendum we prove this assumption and thus close the existence and
uniqueness proof of travelling wave solutions.
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1 Introduction
In [1] we study the existence and stability of travelling waves of the following one-dimensional
evolution equation:
∂tu+ ∂xu
2 = ∂xD
αu+ τ∂3xu , x ∈ R , t ≥ 0 (1.1)
with τ > 0, see also [2] for the case τ = 0. The symbol Dα denotes the non-local operator
acting on x that, applied to a general function f : R→ R, reads
Dαf(x) = dα
∫ x
−∞
f ′(y)
(x− y)α
dy , with 0 < α < 1 , dα :=
1
Γ(1− α)
> 0 , (1.2)
here Γ denotes the Gamma function.
We recall that travelling wave solutions of (1.1) are solutions of the form u(x, t) = φ(ξ)
with ξ = x− ct and c ∈ R, that satisfy
h(φ) = Dαφ+ τφ′′ , where h(φ) := −c(φ− φ−) + φ
2 − φ2− . (1.3)
and
lim
ξ→−∞
φ(ξ) = φ− , lim
ξ→∞
φ(ξ) = φ+ (1.4)
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(see [1] for details) for some constant values φ− and φ+. Here
′ denotes differentiation with
respect to ξ. Further, it is assumed that φ− > φ+ (Lax entropy condition), which implies
that c = φ+ + φ− (Rankine-Hugoniot wave speed), and also that h
′(φ−) = φ− − φ+ > 0.
The proof of existence of travelling wave solutions, for both τ > 0 and τ = 0, relies on
the assumption that the functions v(ξ) = Ceλξ, C ∈ R, are the only bounded solutions of the
linearised equation
h′(φ−)v = D
αv + τv′′ , (1.5)
where the exponent λ > 0 is the real and strictly positive zero of
P (z) = τz2 + zα − h′(φ−) . (1.6)
We recall that for τ > 0 there is a unique positive real zero of (1.6), the other zeros being two
complex conjugates with negative real part, see [1].
In [1] we do not give a complete proof of this assumption, however, we prove it in suitable
weighted exponential spaces. We show this by writing the equation as a Wiener-Hopf equation
([5]) and applying the results by [3]. Namely, we show that if 0 < µ < min{λ, h′(φ−)/(2−α)},
then, all solutions of (1.5) that are in the space
L∞w (−∞, 0) = {f ∈ L
∞(−∞, 0) : f(ξ) = eµξg(ξ) for some g ∈ L∞(−∞, 0)}
are given by the one-parameter family {Ceλξ : C ∈ R}. A similar result is given in [2] for
the case τ = 0, where it is also shown that bounded solutions decay to 0 as ξ → −∞ faster
than algebraically.
The aim of the current addendum is thus to present an alternative proof that removes the
weight of the space. Namely, we show that:
Theorem 1.1 All solutions of (1.5) with τ ≥ 0 that are in Hs(−∞, 0) with s ≥ 2 are given
by the one-parameter family {ξ ∈ (−∞, 0) → Ceλξ : C ∈ R}, where λ is the positive zero of
(1.6).
The proof is very easy once one realises that the integral
I[v] :=
∫ 0
−∞
∫ ξ
−∞
v′(ξ)v′(y)
(ξ − y)α
dydξ (1.7)
is non-negative. The proof of this fact is adapted from [4].
Before we give the proof of Theorem 1.1, let us recall some notation and properties of (1.2).
For s ≥ 0 we shall adopt the following notation for the Sobolev space of square integrable
functions,
Hs(R) := {u : ‖u‖Hs(R) <∞} , ‖u‖Hs(R) := ‖(1 + |k|
2)s/2uˆ‖L2(R) ,
and the corresponding homogeneous norm ‖u‖H˙s(R) := ‖|k|
suˆ‖L2(R). It is easy to see that
‖Dαu‖H˙s(R) = ‖u‖H˙s+α(R), so that D
α is a bounded linear operator from Hs(R) to Hs−α(R).
We recall that the analysis in [1] starts out by proving a ’local’ existence result on (−∞, ξ0]
with ξ0 < 0 and |ξ0| sufficiently large. This proof is based on linearisation about ξ = −∞ (or,
equivalently, φ = φ−), which is given by (1.5). It is then assumed that
N
(
τ∂2ξ +D
α − h′(φ−)Id
)
= span{eλξ} in Hs(−∞, ξ0) (1.8)
where Id denotes the identity operator and s = 4 if τ > 0 and s = 2 if τ = 0. The assumption
(1.8) follows if Theorem 1.1 is true. Notice that the problem is invariant under translation,
so we can take ξ0 = 0 without loss of generality in order to show (1.8).
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2 Proof of Theorem 1.1
We work in the Hilbert space
H20 (−∞, 0) = {v ∈ H
1(−∞, 0) : v(0) = 0} ∩H2(−∞, 0) .
We need two lemmas. First, we find a way of writing the potential in Dα as an integral (see
[4]):
Lemma 2.1 Let β > −1, then there exists a function H ∈ C∞c (R) such that∫ ∞
0
tβH(t)dt = 1 .
Then by choosing
H(t) =
∫
R
h(t− r)h(r) dr
for all t ∈ R where h ∈ C∞c (R) is an even function, one can write
|x|−(β+1) =
∫ ∞
0
tβH(tx)dt .
Moreover, for any ξ, y ∈ R and a > 0, we have
|ξ − y|−a =
∫ ∞
0
ta
∫
R
h(t(z − ξ))h(t(z − y)) dz dt . (2.1)
We can now show the following key result:
Lemma 2.2 Let v ∈ H20 (−∞, 0), then the integral I[v] in (1.7) is well-defined and is non-
negative. Moreover, I[v] is zero if and only v ≡ 0.
Proof.We first observe that I[v] is well-defined. First using the Cauchy-Schwarz inequality
and that α ∈ (0, 1), it follows that∣∣∣∣
∫ 0
−∞
v′(ξ)Dαv(ξ)dξ
∣∣∣∣ ≤ ‖v′‖L2(−∞,0)‖Dαv‖L2(−∞,0) . (2.2)
We now use the reflection operator E : H20 (−∞, 0)→ H
2(R),
E [u](x) := u∗(x) =
{
u(x) if x ≤ 0,
−u(−x) if x > 0,
so that ‖u∗‖2L2(R) = 2‖u‖
2
L2(−∞,0). Then,
‖Dαv‖2L2(−∞,0) ≤ ‖D
αv∗‖2L2(R) = ‖v
∗‖2
H˙α(R)
≤ ‖v∗‖2H1(R) = 2‖v‖
2
H1
0
(−∞,0) <∞ .
This and ( 2.2) imply that I[v] is well-defined.
In order to determined the sign of I[v], we first write (1.7) over integrals on R:
I[v] =
∫ 0
−∞
∫ 0
y
v′(ξ)v′(y)
(ξ − y)α
dξ dy =
1
2
∫
R
∫
R
[v′(ξ)θ(−ξ)] [v′(y)θ(−y)]
|ξ − y|α
dξ dy
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where θ denotes the Heaviside function. Let us, for simplicity of notation, write F (x) =
v′(x)θ(−x). Then, by expressing the potential according to Lemma 2.1 (2.1), we obtain
I[v] =
1
2
∫
R
∫
R
F (ξ)F (y)
∫ ∞
0
tα
∫
R
h(t(z − ξ))h(t(z − y)) dz dt dy dξ
and by Fubini-Tonelli Theorem we have that
I[v] =
1
2
∫ ∞
0
tα
∫
R
(∫
R
F (ξ)h(t(z − ξ))dξ
)2
dz dt ≥ 0 .
Now, if I[v] = 0 then F ∗ ht = 0 almost everywhere, where ht(x) = h(tx). Since h has
compact support, ht acts as a mollifier as t→∞ and it is not hard to show that then F ≡ 0
([4]). Recalling that F (x) = v′(x)θ(−x) with v(0) = 0 then v ≡ 0.
Proof of Theorem 1.1. First let us prove the uniqueness of solutions of (1.5) in H2(−∞, 0)
for a given data in ξ = 0. This is equivalent to proving that the only solution of (1.5) in
H20 (−∞, 0) is v ≡ 0; indeed, if v1 and v2 are two solutions of (1.5) with v1(0) = v2(0), then
v = v1 − v2 satisfies {
h′(φ−)v = D
αv + τv′′
v(0) = 0 .
(2.3)
Testing (2.3) with v′ ∈ H1(−∞, 0) and integrating with respect to ξ we obtain:
0 =
h′(φ−)
2
v(0)2 =
∫ 0
−∞
v′(ξ)Dαv(ξ)dξ +
τ
2
v′(0)2
and Lemma 2.2 implies that v ≡ 0.
It is easy to see, just by a straight computation, that the exponential functions Ceµξ with
µ being a zero of (1.6) satisfy (1.5). If µ = λ, then these exponential functions are the only
solutions in H2(−∞, 0), by the uniqueness just established. On the other hand, since these
functions are also solutions in Hs(−∞, 0) with s > 2 and Hs(−∞, 0) ⊂ H2(−∞, 0), the result
follows.
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